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0. P r e l i m i na r i e s  

In this paper we study the Lorentz spaces Fp,~ for arbitrary 0 < p < c~ and any 

measurable weight function w _> 0. These spaces arise naturally in interpolation 

theory as a result of the Lions-Peetre K-method, and are naturally related to 

classical Lorentz spaces Ap,w. For arbitrary 0 < p < c~, the spaces Ap,~ and 

Fp,~ coincide if and only if the Hardy operator H l f  = f** is bounded on Ap,~, 

which in turn is equivalent to the condition that  the weight function w satisfies 

the so-called Bp condition ([3, 35, 33, 2, 34, 26, 36, 8]). In the case when 

w(x) = x p/q-1 , 1 < p, q < co, this was already observed long ago by Hunt in [17]. 

A result of Sawyer (Theorem 1 in [35]) emphasizes this relationship between A 

and F spaces even more. In fact, Sawyer proved that  the KSthe dual of Ap,~, for 

1 < p < co and under the assumption that  f o w  = ~ ,  coincides with the space 

Fp,,~, where 1/p+ 1/p'= 1 and ~(x) = (x/Jo w)P'w(x) • 

This paper is divided into four sections. The introductory section contains all 

necessary notations, definitions and auxiliary results which will be needed later. 

Here we also introduce a new condition on weight functions w, called reverse  

Bp and denoted by RBp, which plays a crucial role in further investigations, 

especially in studying duality relations between the spaces Ap,w and Fp,,t~. 

In section 1 we establish some basic properties of Fp,w. We start with new 

formulas for the quasi-norm in Fp,~ and a list of several simple but very useful 

properties of the fundamental function ~ of Fp, w. Then we present results about 

inclusions between Fp,w and Fq,v, as well as between Fp,w and LI+L ~ or L1NL ~°. 
As a consequence we observe that  Fp,w always has a non-trivial dual. We also 

characterize when the dual of Ap,w is non-trivial. We show further that,  for 

1 < p < co, conditions By and RBp, are dual to each other in the sense that  

w satisfies Bp if and only if ~ satisfies RB~,, where l ip + 1/p ~ = 1. We then 

apply this fact and Sawyer's characterization of the dual space of Ap,w to provide 

descriptions of dual and predual spaces of Fp,w, under the assumption that  w 

satisfies condition RBp. We also establish a connection between regularity of the 

fundamental function ~ of Fp,w and condition RBp. In particular we show that  

for 0 < p <__ 1, w satisfies condition RBp if and only if ~ is regular. Finally, we 

find formulas for the Boyd indices of Fp,w and show that  Fp,w contains copies of 

g~ uniformly whenever its fundamental function fails to be regular. 

In section 2 we prove that  for any 0 < p < co, if Fp,w does not coincide with 

L 1 + L ~ ,  then it contains an order almost isometric and complemented copy of 

gP. For 1 < p < co and some extra assumptions on w, this is also a consequence 

of Levy's theorem, that  an interpolation space obtained by the real K-method 
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contains a copy of e p [27]. 

In section 3 we provide characterizations of order convexity and concavity as 

well as lower and upper estimates in Fp, w. The cases 0 < p _< 1 and 1 < p < 

are studied separately. In view of the description of a predual space in section 1, 

the characterizations for 1 < p < c~ are obtained by duality from the appropriate 

results for Lorentz spaces Ap,w, thoroughly investigated in [21, 22]. For 0 < p <_ 1 

we use different methods, obtaining the estimations by direct calculations. At 

the end of the section we characterize the type and cotype of Fp,w for 1 < p < oo. 

We start  with some notions and definitions which we will need later in the 

paper. In the following N, ll~ and ~ = [0, oo) stand for the sets of natural,  real 

and nonnegative real numbers, respectively. 

A quasi-Banach lattice X = (X, I1" II) is said to be p-convex ,  0 < p < ~ ,  

respectively p-concave ,  0 < p < c~, if there is a constant C > 0 such that  

respectively, 
n ~ p \  1/p 

for every choice of vectors x l , . . . ,  xn E X. We also say that  X satisfies an u p p e r  

p - e s t l m a t e ,  0 < p < ~ ,  respectively a lower  p - e s t i m a t e ,  0 < p < e~, if the 

definition of p -convexity, respectively p-concavity, holds true for any choice of 

disjointly supported elements x l , . . . ,  x~ in X ([18, 28]). 

Recall that  given 0 < p < oo, if X is p-convex (resp. p-concave), then X is r- 

convex (resp. r-concave) for 0 < r < p (resp. r > p). Lower and upper estimates 

are related in a similar way ([9, 18, 23]). Recall also that  (X (p), I1" Ilxl~,l), where 

X (p) = { x  : Ixl p e X }  and ItXtlx~p~ = lllxlPll 1/p, is a quasi-Banach lattice called 

the p-convexification of X. Clearly X is 1-convex, that  is X is a Banach lattice, 

if and only if X (p) is p-convex. 

We say that  a quasi-Banach lattice (X, I1" II) is n o r m a b l e  whenever there exists 

a norm I[1" III in X such that  c- l l l x l l  ~_ IIIXlII ~_ CIIxll for all x E X and some 

C > 0. We can always assume that  II1" III is a lattice norm on X with respect to 

the same order. In fact it is enough to take 

IIIxll I = inf Ilxill : x = x i , x i  • X , n  • N . 
i = l  i=1 

By L ° we denote the space of all (equivalence classes of) Lebesgue-measurable 

real valued functions ] on IR+. A quasi-normed lattice (E, H" }1~) is called a 
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q u a s i - n o r m e d  func t i on  space  if it is a sublattice of L ° satisfying the following 

conditions: 

(1) If f E L°,g E E and Ifl <- ]g] a.e., then f E E and Ilf]lE <- l[g[]E. 
(2) There exists a strictly positive f E E. 

If E = (E, I1" lIE) is complete then it is called a q u a s i - B a n a c h  f u n c t i o n  

space.  We say that  the quasi-norm II" liE or the space (E, II. lIE) is o r d e r  

c o n t i n u o u s  if for any f E E and [f~I -< Ill with If~I -+ 0, lifn]iE -+ O. Recall 

also that  (E, []. lIE) has the F a t o u  p r o p e r t y ,  if whenever 0 <_ fn E E for n E N, 

f E L °, fn $ f a.e. and SUPn ]lfn]iE < oo, then f E E and IifnilE 1" IIflIE. 
As usual, E* and E'  will stand for the topological and KSthe duals of E, 

respectively. Recall that the KSthe dual E ~ is defined as 

E'  = {f  E L° :  Ilfllz' = sup f [fg] < oo}, 
I[gi[~_~lJ 

and that  (E', [[. lIE') is a Banach lattice. Below we will use the well known 

fact that  quasi-norm in E is order continuous if and only if E does not contain 

an isomorphic copy of goo. This in turn is equivalent to the separability of E. 

Moreover, if one of these conditions is satisfied then E* is lattice isometric to E' ,  

which will be denoted further by E* ~ E'  (cf. [1, 25]). 

A quasi-Banach function space E on IR+ is said to be r e a r r a n g e m e n t  

invar ian t  (or r.i.) if for every f E L ° and g E E with df = dg, we have 

f E E and [If liE = ]]gl[E. Recall that  d S denotes the distribution function 

of f ,  i.e., df(A) = [{t E ]I¢+ : If(t)] > A}[, A > 0, where 1[ is the Lebesgue 

measure on I~. Then the non inc r ea s ing  r e a r r a n g e m e n t  f* of f is defined 

by f*(t) = inf{A > 0 : df(A) _< t}, t  E R+. Given a r.i. quasi-Banach func- 

tion space E, let q0E denote its fundamental function, that  is ~E(0) = 0 and 

~E(t) = llX(o,t)tlE, t > 0. The lower  and u p p e r  B o y d  indices of E are defined 

as follows: 

p(E) = sup{p > 0 : there exists C > 0, [IDall <_ Ca -1/p for all 0 < a < 1}, 

q(E) = inf{q > 0 : there exists C > 0, [[Da[I <_ Ca -1/q for all a > 1}, 

where Da: E -+ E, a > 0, is the dilation operator defined by Daf(t) = f(at), 
t E ~ ([16, 25, 28]). 

Throughout the paper the terms decreasing or increasing will always mean 

nonincreasing or nondecreasing, respectively. 

A function F: ~ --+ I ~  is said to be p seudo- inc rea s ing  (resp. pseudo-  

decreas ing)  whenever there exists C > 0 such that  F(u) <_ CF(v) (resp. F(u) >_ 
CF(v)) for all 0 _< u < v. The notation A ,~ B indicates that  the expressions 
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A and B are equivalent, that  is A/B is bounded above and below by positive 

constants. Given a function F: ~ --+ ]l~, we define the lower and u p p e r  

M a t u s z e w s k a - O r l l c z  indices  ([25, 30]) as follows: 

a (F )  = sup{p E 1~: F(au)< CaPF(u) for some C > 0 and all u E ]l~_, 0 < a < 1}, 

/~(F) = inf{p E IR: F(au)<CaPF(u) for some C > 0  and all u E I ~ , a  _> 1}. 

If F .~ G then their corresponding indices coincide. It is well known that  

a(u p • F(u)) = p + a(F) for any p E ~, and a(F a) = aa(F) for a > 0 and 

a(F a) = a/3(F) for a < 0. The corresponding properties also hold for the upper 

index. An increasing function F: ]L- ~ I ~  is called r egu la r  whenever a (F )  > 0. 

For more information about indices we refer the reader to [24, 25, 30]. 

For each r E (0, co) we define operators H r and Hr acting on L °. These are 

special cases of the Hardy operators studied in [31] and are given by 

Hrf( t )= (~ fotf*r(s)ds) 1/~ and Hrf( t )= (~ f t~f*r(s)ds)  I/r 

For r = 1, Hl f  is usually denoted by f** and Hlf  by f**. 

Any nonnegative function w E L ° is called a we igh t  func t ion .  For 0 < p < co, 

we say that  a weight function w belongs to the class 79p (w E 7:)p) whenever for 

a l l x  > 0 ,  

/o • /o • 0 < W(x) := w(t)dt = w < 

and 

/ 5  Wp(x) := x p t-Pw(t)dt < oc. 

Given 0 < p < co and w E 79p, the Lo ren t z  space  Fp,w is then defined as the 

set of all f E L ° such that  

(fO00 )a/p (foOt )a/p Ilfll :--Ilfllr, .... = f * * P ( t ) w ( t ) d t  = I**Pw < co. 

In view of the inequality ( f  + g)** < f** + 9"*, f ,g E L °, it is standard to show 

that  Fv,~ is a r.i. quasi-Banach function space with the Fatou property (cf. [4, 20, 

25]). Observe also that  the conditions imposed on w are necessary and sufficient 

for Fp,~ to be a non-trivial quasi-normed function space. In fact, it is easy to 

show that  w E D v if and only if there exists 0 < f E Fp,~ and I]" ]1 is a quasi-norm. 

The fundamental function of Fp,w is given by the formula 

(fxxOO )l/p ~(x) :=~r,,,.,(x)=(W(z)+Wp(x))l/'= px" t-'-IW(t)dt , x > 0 ,  
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where the last equality follows from integration by parts. More explicitly, for any 

{ > 0 there exists x > 0 such that  f ~  t-Pw(t)dt < {. Hence, for sufficiently large 

y > x, y-P f~ w <_ y-P fow + f ~  t-Pw(t)dt < 2e, and so limy_~y-PW(y) = O. 
Now, integrating by parts we obtain the desired equality. Let us also observe 

that  ~(x) /2  _< ~(x) _< ~(x) for all x > 0, where 

( fo ~ w(t) dt~ 1/p, ¢ ( x )  = ] x > 0. 

The function ¢ was already used in [13]. 

Let us also recall that,  given 0 < p < cc and a weight function w, the classical 

Lorentz space Ap,w ([29]) consists of all f E L ° such that  

HfIIA,,,. = f*P(t)w(t)dt) = f*Pw) < oo. 

It is well known [14, 22] that  I1 [lAp .... is a quasi-norm if and only if W satisfies 

the A2-condition, that  is 

W(2t) < KW(t) 

for all t > 0 and some K > 0. Recently, it has been discovered that  for certain 

choices of weights, Ap,~ may not be even a linear space. In fact, it was proved 

([10], Corollary 1.5) that  if W is positive on (0, oo), then Ap,~ is linear if and 

only if W satisfies the A2-eondition. 

It is also well known and not difficult to show that  if W satisfies the A2- 

condition and W(oo) := f o w  = co, then for any 0 < p < oo, Ap,w is a separable 

r.i. quasi-Banach space. In fact, following the proof of part (1) of Proposition 1.4 

below, I1" IIA, .... is order continuous if and only if W(oc) = oo. 

We will also need the following spaces (cf. [4, 25]): 

L 1 D L ~ = {f  E L° :  IIfliLlnL~ = max(llfllL1, IlfllL~) < oo}, 

~01 L 1 + L ~ = {f  E L° :  IIIIILI+L~ = f*(s)ds < c~}. 

Obviously, for any 0 < p < c~, 

Fp,w C Ap,~ and rp,w C L 1 + L °°. 

It is well known that  Fp,w = Ap,w if and only if w satisfies c o n d i t i o n  Bp, that  

is there exists A > 0 such that  for all x > 0, 

/o x t-Pw(t)dt < Ax -~ w. 
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This important fact was proved by Arifio and Muckenhoupt [3] and Sawyer [35] 

for 1 < p < c¢, and by Andersen [2], Lai [26] and Stepanov [36] (see also [8, 15]) 

f o r 0 < p <  1. 

The space ['p,w has some interesting properties. In particular, for any 

0 < p < c¢, its dual is always non-trivial. Moreover, it is an interpolation 

space between L 1 and L °°, and in fact, Fp,w = (L 1 , L~)~,I / ,  where 

• ( f )=(~o~t -P[ f ( t ) [Pw( t )d t )  1/p, 

and K(t, f; L 1, L c¢) = f t  f*(s)ds (cf. [5, 25]). Note that  for p = 1, Fl,w coincides 

with the classical Lorentz space Al,v, where v(x) = ~'(x) = J~s - lw(s )ds .  
Denoting by Fq,p the space Fp,w for w(t) = t p/q-1 we have that  for 0 < q < 1, 

Fq,p(0, c¢) = {0}, since f ~  t-vtP/q-ldt = c¢ for all x > 0. However, Fq,p(0, 1) # 

{0}, and in particular, F1,1(0, 1) = L logL.  

We now introduce a new condition on weights w, called RB;. As we shall see, 

it plays an important role in many problems concerning the spaces Fp,w and may 

be considered as a dual condition to B;.  

Given 0 < p < co, we say that  a weight function w E T)p satisfies the reverse  

Bp condi t ion ,  denoted also by RBp, if there exists C > 0 such that  for all x > 0, 

/0 /$ x - ;  w <_ C t-;w(t)dt. 

It is clear that  if w satisfies condition RBv then ~ ~ W 1/p. 
In [35, Theorem 1] Sawyer characterized the K6the dual of Ap,w, providing 

a comparatively simple formula equivalent to the norm N • []h'p,~,, by discovering 

a connection with the spaces Fp,,~. If, in addition, one assumes that  Ap,w is 

an order continuous quasi-Banach space, then Sawyer's result also provides a 

characterization of its topological dual Ap,~ with a norm equivalent to [['[Ih,*,,,,,. 
In fact we have the following result. 

T H E O R E M  0 . 1  : Let 1 < p < c¢ and assume that w > 0 is a measurable function 
such that W(x) := f o w  < c¢ for all x > O, W satisfies the A2-condition, and 
W(c¢) = c¢. Then for every F E Ap,~ there exists g E L ° such that for all 

f ~ A;,~ 

~0 °° F(f )  = fg, 

a n d  IIFII = IlgllA; ..... ~ Ilgllr,~,~ where  ~ ( x )  = (x/W(x))¢w(x). Consequently, 

A~,,w : Fp,,~ 
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With II" liP,,,+ ~ I1" IIA',, ..... and Ap, w is lattice isomorphic to Fp,,~. 

Isr. J. Math. 

1. P roper t i e s  of  Fp,w 

For the rest of the paper we will assume, unless otherwise stated, that 0 < p < ¢c 

and that w is a weight function belonging to the class/)p. We start by giving 

equivalent formulas for the quasi-norm of Fp,w. We prove them using standard 

methods (cf. [6, 33]), 

PROPOSITION 1.1: For every f E Fp,w, 

If, in addition, f l  w = ~ ,  then for every f E Fp,~ 

ft \ p\ \ 1/p 

Proof'. For any f E Fv,~, applying Fubini's theorem, we obtain 

fo~f**P(t)w(t)dt = fo~ ( fof**(t)d(sP))w(t)dt 

= fo~ ( fo~X{t:f.*(t)>s}(s,t)d(sP))w(t) dt 

= foCC ( fo~X{t:f**(t)>s}(S,t)w(t)dt)d(s p) 

// = W(d+. .  (s))d(sP).  

Integrating by parts, since Wp(t)f**(t)P tends to 0 as t tends to 0 or to oe for 

every f E Fp,~, we have 

// = f**P(u)w(u)du. | 
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PROPOSITION 1.2: Let y) be the fundamental function Of Pp,w and define 

~ ' ( x )  a e = i n f X ~ ' ( x )  and b ~ = s u p  
• >o ~(x) ~>o ~(x) 

Then ~, ae and b~ have the following properties. 
(1) The function ~(x)/x is decreasing on (0, oo). 
(2) IfO < p <_ 1, then qo is concave on (O, oo). 
(3) We have 

0 ___ % ___ a@) _< ~(¢) ___ b~ _ 1. 

Moreover, w satisfies condition Bp (resp. RBp) if and only if b~ < 1 (resp. 
a~ > 0). 

(4) I f a ( ~ )  > 0 then W(x) /x  satisfies condition RBp. 

Proof: Since /( (~(z)~p=p t_p_lw(t)dt, 
\ X / 

~(x)/x is decreasing. Moreover, 

~'(x) = (~(x)~ 1-~ f°°t-Pw(t)dt, 
\ x /  Jx 

which shows that ~' is decreasing when 0 < p _< 1, and thus ~ is concave. 

Condition (3) is an immediate result of the equality 

x~'(x) %(x) 
~(x) W(x) + Wp(x)" 

In order to prove (4), we observe that the assumption a(~)  > 0 implies that 

~P(x)/x ~ is pseudo-increasing for some ~ > 0, and thus for some C > 0, 

~ o O  

l/Vp(X)x ~ _< C Wp(y)y~ , where Wp(x) = xP fz  t-P-lW(t)dt.  

Hence 

By changing the order of integration we obtain 

/o /2 1 x W(t)d t+  l x  p t - ' - l w ( t ) d  t. 
p t p 
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Thus 

/o C x W(t )d t  < ( ( C / p ) e -  1)x p t -P- lW(t )d t ,  
t - 

which means that W ( x ) / x  satisfies condition RBp. II 

The second formula in Proposition 1.1 immediately yields the following em- 

bedding result. We wish to point out here that conditions (1) and (2) in the 

statement below are equivalent also when condition RBp does not hold (cf. [7, 

15, 36]). 

PROPOSITION 1.3: Let 0 < p < oo and suppose that both of the weight func- 

tions w,v  satisfy condition RBp. Moreover, let V(x) = fo  v and V p ( x )  = 

x_ p f~o t_Pv(t)dt, x > O. Then the following conditions are equivalent. 

(1) Fp,~ = rp,~ and II" llr,.,,, ~ II" llr,,.,,. 
(2) ~or~ .... ~ ~Or~,~. 

(3) Wp ,,~ Vp . 

PROPOSITION 1.4: The following conditions are satisfied. 

(1) Fp,w has order continuous norm if and only if f ~  w = oc. 

(2) L InL ~CFv,wCL I+L ~. 
(3) L ~ C Fp,w if  and only if f ~  w < cx~. 

(4) The following equality holds true: 

(/o t_Vw(t)dt\  1/p = lim ~(x) 
x--~O+ X 

Consequently, L 1 C Fp,w if and only if f o  t-Pw(t)dt < c~. 

(5) Fp,w = L 1 + L ~ if and only if f o  t-Vw(t)dt < oo and f ~  w < co. 

Proof: (1) If fl c~ w -- fo c~ w -- oo then d/(A) < oc for every A > 0 and f 6 Fp,w. 

Therefore any sequence {fn} satisfying 0 _< fn $ 0 a.e. and f~ _< f also satisfies 

f~* $ 0. Thus [[fnl[ $ 0, and so Fp,w is order continuous. Assuming now that 

fo ~ w < co and taking fn = .~(n,~), we have that fn $ 0 and ]]fnll --- const.,  

which means that  Fp,~ is not order continuous. 

(2) For any f E F;,~, 

sp,/ol +/1 ( /ol s /s/ds) w/t/ t 
(/o /1 ) = f**P(1) w(t)dt + t-Vw(t)dt = ~V(1)llfl[PLI+L ~, 
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and for f E L 1 A L °°, 

(f01 f? 
1/p 

Ilf]l <- ][fl[PL~W(t) dt + ((1/t)[IfllL1)Pw(t) dt] 

(foo I ioo )l/p _< max([[f[[L1 , [[f[[L ~) W + t-Pw(t)dt = p(1)[[fl[LlnLo~. 

(3) It is clear that  L °° C Fp,w if and only if f (x)  - 1 belongs to Fp,w; thus 

f ~ w  < oo. 
(4) Since the function p(x) /x  is decreasing, its limit exists. If f ~  t-Pw(t)dt < 

c~ then limz-~0+ W(x) / x  p = 0, since W(x) / x  p < fo  t-Pw(t) dr" Consequently, 

lim 
x-~O + 

p ( x )  _ l i r a  (W(x)+Wp(x))l/p (fo °° )l/p 
x z-,o+ -~ = t-Pw(t)dt 

If f ~  t-Pw(t)dt = oo then 

(17 lim p ( x ) >  lim t-Pw(t)dt = c~. 
x-+0  + X --  x---+0+ 

Now, if L 1 C Fp,w, then p(x) < Kx,  and so limz_~0+ p(x) /x  < oo, which implies 

that  f ~  t-Pw(t)dt < ~ .  On the other hand, the latter inequality implies that  

for f E L 1 , 

/o /o Nfll p = f**;w <_ HfHPL 1 t-Pw(t)dt < oo. 

(5) This is an obvious consequence of (2), (3) and (4). | 

The next result has been proved in [19] for E over the interval (0, 1) and in 

[32] for E over (0, oo). The proof we provide here relies on the idea from [19] and 

is simpler than the one in [32]. 

PROPOSITION 1.5: Let E be a separable r.i. quasi-Banach function space on 
(0, c~). Then E* # { 0 } / l a n d  only i r e  C L 1 + L ~.  

Proo£" By the separability of E we have that  E* - E '  (cf. [1, 25]). Assume 

that  E I ~ {0}. Then there exists F E E'  and h E L °, not identically equal to 

zero, such that  F ( f )  = f ~  f h  for every f E E. Without loss of generality we 

can assume that  h = h*. Let 0 < a <_ 1 be such that  h(a) > 0. Then choosing a 

natural number n such that  n > a -1, for any ] E E we have 

/o /o /o a 
1 f, n n 

IlfilLl+L ~ : f* < n <-- h - ~  f*h < h-~llFlI l l f l]E < cx~. 
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Thus f E L 1 + L °°. 1 

Note that the assumption of separability in the above theorem is necessary. In 

fact, the space LI ,~ ,  also called W e a k  L 1, of all measurable functions on (0, oo) 

such that 

I]Y]ll,o~ = supt f*( t )  < ~ ,  
t>0 

is a r.i. quasi-Banach function space, is non-separable and is not a subspace of 

L 1 + L °°, but has non-trivial dual [11, 14]. 

COROLLARY 1.6: The following holds true. 

(1) ForanyO < p <  ~ ,  F;,w ¢ {0}. 

(2) Let w be a weight function (not necessarily in the class 13v) such that W 

satisfies the A2-condition and W ( ~ )  = c~. For 0 < p _< 1, A;, w # {0} if 

and only i f  
t 

sup - -  < oe. 
o<t<l WI/p(t)  

For 1 < p < c~, @,~ ¢ {0} if  and only if  

fO t P' 1 _ i ( -~) ) l /p)  d~ = fo (W~(tt))l P'dt <~ oo. 

Proo~ (1) Since Fp,~ C L ~ + L °~, the dual of Fp,~ is not trivial. 

(2) The assumption W(oc) = cc ensures that Ap,~ is separable. Observe that  

L 1 + L °° = Al,wo, where Wo(X) = 1 for 0 < x < 1 and zero otherwise. In view of 

Proposition 1 in [36] (see also Theorem 3.1 in [7]), if0 < p _< 1, then Ap,w C A~,wo 

if and only if 

sup ~A~.,.o (t____~) { t 1 } t 
t>0 ~A,, ,, (t) = max sup , sup = sup , 0 < t < l  ~Ap.~,(t)  t > l  ~Av., , ,( t)  0 < t < l  W1/p(t) 

and i f p  > 1, Av,w C A~,wo if and only if 

~ < 00, 

where Wo(x) = fo  Wo. 

The latter condition can also be obtained by Theorem 0.1. In fact, A~, w # {0} 

whenever Fp,,~ # {0}, which is equivalent to 

/oX( )p , w t) w(t)dt + x p WP' (t) dt < o~, x > O. 
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Integrating by substitution and by parts, the last formula is equal to 

pt fo x ( W ( t ) ~  l-p' 
pt --_ 1 \ t ] dt. | 
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PROPOSITION 1.7: Let 1 < p < oc and let w be a weight function such that 

W(oc) = co. Then w satisfies condition Bp if and only if  ~ satisfies condition 
RBp,, where ~(x)  = (x /W(x))P'w(x)  and 1/p + 1/pr= 1. 

Proo~ Condition RBB, for 5 is equivalent to the following inequality: 

x -p w(t)dt <_ C (W( t ) ) ;  dt, x > O. 

In accordance with our definitions we can assume here that  both sides of the 

inequality are finite. Integrating the left side by parts and making a substitution 

in the right side we obtain that,  for all x > 0, 

1 , t p' ~ , f ~ [  t _~ (p ' - l )  C 
W(p,_l)(x) +X -p lim ~ p x  -p jo (, dt < t--+o+ W(p'-l)( t)  W ( t ) ]  - W(P'-U(x)" 

We next observe that  limx_+o+ xP'/W(P'-I)(x) = 0 in view of the inequality 

t  p'-i x,' 
\ ~t)( t ) ] dt > - p 'W (p'-I) (x)" 

Consequently, condition RBp, for z~ is equivalent to 

C + 1  1 
u(x) <_ P' W(p, 1)(x) for all x > 0, 

where 

f o X (  t ~p'--i  u(x) = x -p' \ - ~ ]  dt. 

If ~ satisfies RBp, then for sufficiently small e > 0 and all x > 0 we have 

) = dx tit) 
1 

= X--~-I-P'-I(--(U(Z ) -~- W(p, 1)(x)) 

>(_ c + 1 + 1 )  
c p~ _ - -  W ( p , _ l ) ( x )  > O. 
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Hence u(x ) / x  -p'+~ is increasing and so c~(u) > - p '  + c > -p ' .  But a(u) = 

- (p '  - 1)/~(W), and it follows that  3(W) < p which is equivalent to condition 

Bp for w (cf. Theorem A in [22]). 

Now if w satisfies condition Bp, then W ( x ) / x  p-~ is pseudo-decreasing for some 

e > 0. Hence there exists C > 0 such that  for all x > 0 

, ~ x  ( tp-e ~p,_lt(l_p+Q(p,_l)dt u(x)=x-p _ 

< Cx-" (  x '- '  ]p ' - l x (p ,_ l ) ( l_p+~)+ l  _ C 
- ~ W ( x ) /  W ( " - l ) ( x )  ' 

which is equivalent to condition RBp, for ~. | 

THEOREM 1.8: Let 1 < p < oo and let w be a weight function satisfying condition 

RBB and also f~ t-Pw(t)dt  = f ~  w = oo. Let v(x) = V'(x),  where 

( oo ,,-,/(,-,) 
V(x) = t -Pw(t )d t )  , x > O. 

Then Ap,,v is a normable space. Moreover, Ap,,v is a predual of F~,~, that is 

Fv,w = A~,,v 

with [1" lira,,,,, ~ II " ]li', , . Consequently, Fp,w is lattice isomorphic to A*p, ~. 

Proof'. Since w • :Dr, V(oo) = c~ and V(x) < c~ for any x > 0. Moreover, 

V(0) = 0 in view of the assumption f~ t-Pw(t)dt  = c~. It is also clear that,  for 

every x > 0, 

w(x) ~ t - 'w ( t )d t~  -p/(p-1) 
v(x) - ( p - 1 ) x P  ( ~ / 

and so ~(x) = (x/V(x))Pv(x)  = (1/(p - 1))w(x). Hence ~ satisfies RBp, and 

by Proposition 1.7, v must satisfy condition Bp,. Therefore Ap,,v is normable 

(cf. [35]) and thus V satisfies the A2-condition. We now apply Theorem 0.1, 

with p~ and v in the roles of p and w, to obtain that  A~p,,~ = Fp,~ = Fp,w with 

J[ [Ii'v,,, ~ J] I]r~.~,. Finally, since V(c~) = oo, [} I]p',v is order continuous and so 

Ap,,v is separable. Consequently, its topological dual Ap,,~ is lattice isomorphic 

to Pp, w . ]] 

The next corollary provides a simple description of the dual space of Fp,w under 

the assumption that  w satisfies condition RBp (cf. [13]). A referee pointed out 

to us that  Theorem 2.7 in [12] is an analogous version of that  result for spaces 

on the interval (0, 1). 
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COROLLARY 1.9: Let 1 < p < c~ and let w be a weight function satisfying 

condition RBp and fo t -Pw( t)dt = f ~  w = c~. Then 

~ ( p , ~ )  =hp, ,~,  F~,~ p I 

where v(x) = V ' (x)  and 

/ foo \ -1 / (p -1 )  
V ( x ) =  ( /  t -Pw( t )d t )  , x >O. 

X J X  / 

Proof: Since, ~(x) = (x /V(x )Pv(x )  = Cw(x)  for a.e. x > 0 and for some C > 0, 

v satisfies condition Bp, by Proposition 1.7. Hence Ap,,v is normable, and in 

fact Fp,,v = Ap,,v, and Fp,,v is a Banach function space with order continuous 

norm. Fp,,v also has the Fatou property and hence its second KCthe dual (Fp,,v)" 
* $ coincides with Fp,,,. But A;,,, = Fp,,v = (F;,,v)' and so 

r p , ~ = ( F p , ~ ) ' =  * ' =  , " =  = . * (AB,,,) (Fp ,~) Vp,,v Ap,,~ | 

PROPOSITION 1.10: Let p E ( 0 , ~ )  and let w be a weight function in Dp. Let 

:= ~rv .... be the fundamental function of  Fp,w. 

I f  w satisfies condition RBp then ~ is regular, that is a(~)  > O. 

Conversely, i f  I < p < oo and a(7~) > O, then there exists a second weight 

function Wo satisfying condition RBp such that the fundamental functions ~rv,~, 

and ~r;.,,,0 are equivalent, that is Fp,w = F p , w  o. 

For 0 < p <_ 1, a(~)  > 0 if  and only i f  w satisfies RBp. 

Proof: Suppose first that  w satisfies condition RBp. For every e > 0 and almost 

every x > 0 we have 

i /o d--x ~ / (P - e)xp t -Pw(t)dt  - e w . 
J 2 ;  

If~ < p / ( C + l ) ,  where C is the constant in RBB, then (~P(x) /xQ'  > 0 for almost 

all x > 0. Since (~P(x) /x  ~) is absolutely continuous on each compact subinterval 

of (0, co), it follows that  ~P(x) /x  ~ is increasing and so a (p)  > 0. 

Assume now that  1 < p < c~ and a(~)  > 0. The second of these conditions 

ensures that  the functions ¢(x)  := f o  ~( t ) / td t  and ¢(x)  := f o  ~b(t)/tdt are both 

finite for all x > 0. Then, also using the fact (Proposition 1.2(1)) that  ~ ( x ) / x  is 

decreasing, we obtain that  ¢,  and so also ¢,  is concave and equivalent to ~ (cf. 

[24]). Clearly ¢ is twice continuously differentiable. 
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Let us now define the function w0: (0, oo) --+ l~ by 

 o(x) : 

Note that  it is nonnegative, since both ¢(x) /x  and ~b'(x) are decreasing and 

p - l > 0 .  For O < a < x < b < oo we have 

S; ix wo + 2 t-Vwo(t)dt 

x t p--1 # b # 

:--(tP(~-~)P-l~jl(t)) :-l-p fXtp-l(+(t)~p-l~j(t)dt 
~a \ t ] 

- - x P ( ( ~ - ~ - ) P - I ~ ) ' ( t )  bx) 

( =ap ~(a) ~ (~P-lV, a" _ x~ V ' ( b )  + ~ ( x )  - ¢~(a). 
\ a ] 

The fact that  ~'(t)  = ~(t)/ t  and other properties of ~ and ~ mentioned above 

enable us to take the limit as a ~ 0 + and b --+ ec in the preceding calculation 

and to obtain that 

(/; L 
l ip 

~(x) = wo + x p t-Pwo(t)dt \ 

for all x > 0. In other words, ~orp.,,,o (x) = ¢(x) and so, by the remark immediately 

preceding Proposition 1.3, we have F~,wo = Fp,w. Since Wo is continuous, the 
preceding formula for ¢ implies that  

(So x L °° 30~'(X) = X p WO -I- X p t-Pwo(t)dt t-Pwo(t)dt 

/$ = xP~l-V(x) t-Pwo(t)dt 

for all x > 0. But x¢'(x) = ~(x) ,~ ~(x) and therefore, for some A > 0, 

xP f ~  t-Pwo(t)dt 
A < f2  wo + xP J ~  t-Pwo(t)dt < 1, 

which yields that  fo  Wo < Cx p f ~  t-Pwo (t)dt, that  is w0 satisfies RBp. 
If 0 < p < 1 then, as shown in the proof of Proposition 1.2(2), ~y is decreasing. 

Moreover, for a.e. x > 0, 

x~'(x) = xP t-Pw(t)dt. ~(x)1-L 
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In fact this extends to all x > 0, since our former calculation of ~ above, in 

terms of W, shows that  ~ exists and is continuous for all x > 0. This formula, 

together with the well known fact that  for a decreasing function u, U(x) = fo u 
is regular if and only if xu(x) ~ U(x) (cf. [23]), quickly yields that  the relation 

x~'(x) .~ ~(x) is equivalent to the inequality f ow  <__ Cx; fz ~ t-Pw(t)dt for some 

C > 0 and all x > 0. | 

PROPOSITION 1.11: Ira weight function w satisfies condition RBp and f ~  w = 
oo, then for every a > O, 

(C + 1)-I/pw;(1/a) 1/p <_ [IDal[rp.~,_~r, ..... _< W;(1/a) 1/;, 

where C is the constant appearing in condition RB;, and 

l/Vp(1/a) = sup Wp(t/a)/Wp(t). 
t>o  

Consequently, the Boyd indices of F;,~ are as follows: 

p(r; ,~)  = p/3(W;) and q(F;,~) = p/c~(W;). 

Proof." For any a > 0 we get 

IID~I[ :=[IDallr~,,,,-+r, ..... > sup(~(t/a)/p(t)) 
t>o 

> sup(Wp(t/a)/(C + 1)W;(t)) V; = (Wp(1/a)/(C + 1)) 1/;. 
t>o  

On the other hand, by the second formula for the quasi-norm in Proposition 1.1, 

HDaf[] p = t-PWp(t)d (as)gs 

= a -p fo~(Z/a)-PWp(z/a)d( ( fo z f*(u)du) p) 

<_ Wp(1/a) fo ~ z-PWp(z)d( ( fo ~ f*(u)du) P) = Wp(l/a)]]fH p, 

which in combination with the previous inequality gives the required estimation. 
| 

COROLLARY 1.12: I. / f 0  < p < 1 then w satisfies condition RBp if and only if 
q(rp,w) < ~ .  

II. Let 1 < p < oo. Ifw satisfies condition RBp then q(Fp,w) < oc. Conversely, 
if q(Fp,~) < co then there exists a weight function wo such that Fp,w = Fp,~ o 

and Wo satisfies RBB. 
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PROPOSITION 1.13: Let E be a r.i. quasi-Banach function space. If the 

fundamental function of E is not regular, i.e. a(~E) = O, then E contains order 

copies of ~ uniformly for n E N. 

Proof: We shall show first that  if F: (0, co) --+ (0, oe) is an increasing function 

and for some b > 1, 

D := inf F(bx) 
x>0 ~ > 1, 

then c~(F) > 0. In fact, the above inequality implies that  F(b-lx)  <_ D-1F(x),  

x > 0. Let 0 < a < 1 be fixed. Then there exists n = 0 , 1 , . . .  such that  

1/b n+l < a <_ 1/b n. Setting q = In D~ In b we have for any x > 0 

F(ax) <_ F(b-~x) < D-nF(x)  = (bq)-nr(x) = (1/br~+l)qbqF(x) <_ bqaqF(x), 

which proves that  a ( F )  > 0. 

Thus, if ~E is not regular then for every n E N 

inf qoE(nx) _ 1. 
x>o  z(x) 

Hence for fixed n E N and ¢ > 0 there exists c~ > 0 such that  

<__ (1 + 

Defining fk -1 = (~E(O~)) X((k-1)a,ka) for k = 1 , . . . ,  n, we obtain 

q~E(nCt) < 1 + e, l = l l A l l _ < l l  I k l t =  _ 
k=l 

which shows that  { f l , . . . ,  fn} (depending on n) span copies of g~ in E uniformly 

for n E N. | 

2. C o p i e s  o f  ~P 

For 1 <_ p < oc and under some additional assumptions on the weight w, the 

fact that  the space Fp,w contains an isomorphic copy of e p follows from the well 

known theorem of Levy [27] (see also [5]), that  the Lions-Peetre interpolation 

space (Ao, A1)o,p contains an isomorphic copy of ~P. The next theorem extends 

this result to any 0 < p < oc and to arbitrary weight. 
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THEOREM 2.1: Let 0 < p < oc and w be a weight function such that [~p,w is 

a proper subspace of L 1 + L ~ ,  that is either f F  w = ~ or f~ t-Pw(t)dt  = oc. 

Then Fp,w contains an order almost isometric and complemented copy of ~P. 

Proof." We shall define a sequence (fn) of disjointly supported functions in Fp,w 

such that  they span an isomorphic copy of gP in Fp,w. Since the fn will be 

constructed so that  they are constant on their supports:=An, the copy of £P will 

be complemented in Fp,w. In fact, the averaging operator P defined by 

oo 

n~l n 

is a bounded projection of Fp,w onto the closed span of {fn},  since Fp,w is an 

interpolation space between L 1 and L °~. Let e > 0 be an arbitrary number. 

We start with 0 < p < 1 and the case of f ~  w = oo. First we choose numbers 

bl, dl > 0 such that  I[flll = 1 where 

f l  -- blX(O,dl). 

Then let 0 < cl < dl and c2 > dl be such that  

f0 cl jfc. OO f;*Pw < e/2 and fl*vW < el2. 
C2 

Next we choose 0 < b2 < bl and (/2 > c2 + dl such that  setting 

f2 ~- b2X(dl,d2), 

we get 

~0 C2 e**p I t f2i{=l  and ]2 w < e / 2 2 .  

We then find c3 > d2 with 

+ f2) **p < 2. 

It is clear now that  by induction we shall find sequences (bj), (cj) and (dj) of 

positive numbers and a sequence of functions (fj)  such that  for j = 1, 2 , . . . ,  

0 = c 0 = d 0 < c l < d l  < " " < cj < dj, dj - dj_l > cj and 

f j  = bj~((dj_l,dj) 



304 

with ]Ifjll = 1 and 

/o 
c) e**p 

~j w < e/2 j 

A. K A M I N S K A  AND L. M A L I G R A N D A  

and fi) w < e/2 j. 
j+ l  i=1 

Isr. J. Math .  

It is clear that  

~ / F  ~ /o ~ (ajfj)**Pw < E]ajl p fj*Pw <_ 1. 
j=o cj j = o  

We also have for j = O, 1 , . . . ,  

[cJ+l(~a~fz)**P ~_f cj+I/ \**P 
a cj . . a cj " i~j " 

Now, adopting the convention that  ~ o  = O, we obtain for any j = O, 1 , . . .  

v cj • - J c i 

Since the construction of (fn) yields 

j--1 . j - 1  

( E f i  + fJ+l)  = EbiX(d , -1 ,dD +bj+lX'(dj-l,dj-l+dj+l-dj) 
i = l  i=1 

and cj+l < dj+l - dj < dj+l - dj + dj-1, so for every j = O, 1 , . . .  

/F (?.)",~~-/? ~-' )"(~ ,~,~ ~+ r '~+~ -...,S cj i~j j _ J 0 

<_ ~12 j-~ + el2 J+~ <_ ~12 j-2. 

Combining finally the above estimations we get 

~ a i f i  I _~ (1 + B e )  1/p.  

i=1 

Note here that  both functions ~ E i = l  laifil := suPi{laifil} and ( E i = I  arA** zjz] are 

well defined. Letting now (ai) in ~P with II(ai)[Io, = I and ao = 0 we obtain 

aif~ p ~ ~cJ+' ( i~ j '**Pw = aif~ +ajfj) 
i = l  j = 0  cj 

°z r c j+ l  ( / ~ j  ~**P  ~ rcj+l 
~-- j~=o ]cj a i f i )  w +  ~ ]cj (ajfj)**Pw" 
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On the o ther  hand,  for any  sequence (ai) in ~, 

~_ tajt p f;*Pw , 
i=1 cj 

and  in view of the inequality, 

f S; 
Cj+l r**p f**p .**p 

f j  w = l -  j j  w -  ]j w > l - e / 2  j - l ,  
~' cj Cj+l 

w e  have 

l a i f i ( ~ _ l  ) l / p  > Iajip(1 - e/2  j - l )  > (1 - e)l/pil(ai)lie,. 
i----1 

Assume now tha t  0 < p < 1 and  
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(/01 )lj, (/0 )lip oc = t-Pw(t)dt = t-Pw(t)dt = lim p(x) /x .  
x...+O + 

Then  the sequence (fi~) will be  defined as follows. Let  do = kl = 1, dl = 1/2  kl 

and choose bl > 0 such t ha t  H/1H = 1, where  f l  = blX(dl,do). There  exists 

N ~ nl  > kl such tha t ,  set t ing cl = 1/2 n~, we obta in  

LC1 ~**P 
J1 w < c/2. 

Now for any  N 9 k > nl  set dl - xk = 1/2 k. Since (dl - xk) /~(dl  - Xk) --+ 0 as 

k --4 co, there  exists k2 > nl  such t ha t  

( d l - x k 2  ~ P j f ~  t_Pw(t)d t < ~/22. 

Let t ing  then  d2 = d l -  1/2 k2 and b~ = 1 /~ (d l -d2 )  and f2 = b2X(d2,dl) we obta in  

clearly t ha t  Nf2N = 1. Moreover,  

"**P (b2~(O,d~-d2) ) **P w f2 w =  
1 / 2nl 

/1 = ( dl - d 2  5P t-Vw(t)dt < e/22. 
\~P(dl - d2) ] /2,~1 

Next  we find 51 9 n2 > k2 such tha t ,  se t t ing c2 = 1/2 n2' 

L c2 ( f l  -I- f2)**Pw < c/2  2. 
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Consequently, by induction process we find sequences of natural numbers 

(nj),(kj) and of positive numbers (bj),(dj) such that  for j = 1 ,2 , . . . ,  

1 = do = kl < nl  < k2 <~ "'" < kj  < n j  < kj+l ,  d j -1  - d j  : 1/2 kj and 

Ilfjll = 1 where 

fj = bjx(ej,ej_i). 

Moreover, for cj = 1/2 nj, 

I f? -**p e/2j+l fj+lw < and fi w < e/2 j. 
Cj 

Now, setting co = ee and once again using the convention that  T 0  = 0, we 

obtain for any (ai) E e p with I[(adlle,, = 1, and any m E N, 

< 1 +  E ai],) w)  
i : 1  j = 0  j+ l  i#j+l 

i=1 

Moreover, for any j = 0, 1 , . . . ,  

i=l  

1/p 

Thus, for every m E N, 

~aifi _< (1 -t- 8~) 1/p.  

i=1 

On the other hand, for any sequence (ai) C II~ and m E N, 

> ( 1 - e ) l / ~  E l a i l P  
i--=1 i=1 

In case of 1 _< p < oe we shall only sketch the proof when J o W  = c~. 

By induction we find a dis jointly supported normalized sequence of functions 

( f j  = bjX(d~_l,dj)) C ['p,w with (bj) positive, decreasing and satisfying 

(/? f;,pw\ 1/p \ 1/p < e/4 j and f]*Pw < e/4 j, j = 0 ,1 . . . ,  
+1 

E ) *'P a J ~  w _< I~ w + I i  w 
i - - j+2  j+1 j+1 

i = j + 2  i=1 
co 

- -;7 + ~ -< 2j-2" 
i : j+2 
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where 0 = co < cl < .-- < cj < cj+l < . . . .  Let (ai) belong to the unit sphere of 

eP. By applying Minkowski's inequality twice we obtain 

oo 
~1 a~f~ <__(~ fcj+l \ l ip 

.j=O~, (aSs)*'PwJ 

+ ( E a i f i )  w) . 
j =  0 v cj " i~£j " " 

Moreover, again by Minkowski's inequality, 

( ~ i c j + l  l/ -~**p ,~ l / p  

tEaJ,) 
j----0 J cj " iCj " " 

Hence 

< l j~i ~ fcj+l .,f**P~ W/I~ I/P 

= s:*,w)  
i=1 ci+l 

°° (Lci )lip °m (ic°° ) 
7----1 i=1 i + ]  

oo 

E ___2 ~<e .  
i=1 

oo 

i~_l aifi <_ l + e. 

Finally, for any (aj) C ~, 

> (a j I~)**p . )  ' /P = (1 - ~)N(odllep, 
i = 1  _ a cj 

and the proof is complete. II 

3. Convexity and concavity of Fp,w 

In this section we provide criteria for order convexity and concavity as well as for 

lower and upper estimates in Fp,w. For 1 < p < oo we also state criteria on type 

and cotype of Fp,~. These results are expressed equivalently in terms of integral 

inequalities, indices and growth conditions of either the fundamental function 

or Wp. We start with a simple but useful lemma. 
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LEMMA 3.1: I r a  r.i. quasi-Banach function space (E, [1" fIE) satisfies an upper 
(resp. lower) r-estimate, 0 < r < ec, then ~E(X)/X 1/r is pseudo-decreasing (resp. 

pseudo-increasing). 

Proof  

n = [t/s] and 

we obtain 

Assume that E satisfies an upper r-estimate. Then for any 0 < s < t, 

i = 1 , . . . , 2n ,  

1/r (2~ fz r)l/r ( 2~ ) 
~gE(t) ---- [fil ~. C [[ [ [E  = C ~rE(t/2n ) 

i=1 E i----1 i~-i 

= C2Urnl / r~E( t /2n  ) <<_ C21/r(t/s)Ur~E(S), 

which simply yields that ¢flE(t)/t 1/r ~_ I(~E(8)/81/r, where K = C21/r. | 

THEOREM 3.2: Let 1 < p < ec and w be a weight function satisfying condi- 

tion RBp and f~ t-Pw(t)dt = f l  w = oc. Then the following conditions are 
equivalent. 

(i) Fp,w is p-convex (resp. p-concave). 

(ii) Fp,,v satisfies an upper p-estimate (resp. a lower p-estimate). 

(iii) Wp(x) /x  is pseudo-decreasing (resp. pseudo-increasing). 

(iv) ~ (x ) /x  I /p is pseudo-decreasing (resp. pseudo-increasing). 

Proof: In view of Theorem 1.8, there exists a weight v such that Ap,,v is a 

normable space and it is a predual of Fp,w, that is Ap, v is lattice isomorphic to 

Fp,w. Thus Fp,w is p-convex or satisfies an upper p-estimate if and only if Ap,,v 

is p'-concave or satisfies a lower p'-estimate, respectively (cf. Proposition 1.d.4 

in [28]). Moreover, by Theorem 1.8, V(x) = (x-PWp(x)) -U(p-1). Hence V ( x ) / x  

is pseudo-increasing if and only if Wp(x) /x  is pseudo-decreasing. Now, applying 

Theorem 8 in [22] to Ap,,v, conditions (i)-(iii) are equivalent. Finally, condition 

RBp yields that ~ ;  ~ Wp, and hence (iii) is equivalent to (iv). The parallel 

conditions in parentheses are also handled by duality and the appropriate results 

in Lorentz space Ap,,v ([22], Theorem 4). | 

THEOREM 3.3: Let 1 < p < ~ and w be a weight function satisfying condition 

RBp and f~ t-Vw(t)dt = f ~  w = oc. 

I f  r > p (resp. 1 < r < p) then Fp,~ does not satisfy an upper (resp. lower) 
r-estimate. 
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For 1 < r <_ p (resp. r >_ p) the following conditions are equivalent. 
(i) Fv,w satisfies an upper r-estimate (resp. a lower r-estimate). 

(ii) Wp(x)/x p/r is pseudo-decreasing (resp. pseudo-increasing). 
(iii) ~(x)/x U~ is pseudo-decreasing (resp. pseudo-increasing). 

Proo~ By Theorem 2.1, Fp,w contains a copy o f f  p. So i f r  > p (resp. 1 < r < p) 

then Fp,w does not satisfy an upper (resp. a lower) r-estimate. The remaining 

part of the proof is obtained by the duality method analogously to the proof of 

the previous theorem with applications of Theorems 3 and 7 of [22]. | 

THEOREM 3.4: Let 1 < p < oo and w be a weight function satisfying condition 

RBB and f l  o t-Pw(t)dt = f F  w = oo. 
/ f  r > p (resp. 1 <_ r < p) then Fp,~ is not r-convex (resp. r-concave) 
For 1 < r < p (resp. r > p) the following conditions are equivalent. 
(i) Fp,~ is r-convex (resp. r-concave). 

(ii) fl(Wp) < p/r (resp. a(W;) > p/r), or equivalently for some ¢ > O, 
W;(x)/x p/r-~ (resp. Wp(x)/x ;/~+~) is pseudo-decreasing (resp. pseudo- 
increasing). 

(iii) fl(~) < 1/r (resp. a(~) > 1/r). 
(iv) The Hardy operator H r (resp. H~) is bounded on F;,w. 
(v) There exists C > 0 such that for all x > O, 

~ t_P/~w(t)d t Cx-P/~W;(x) <_ 

(resp. ~o~t-P/~w(t)dt <_ Cx-P/rWp(x)) .  

Proof: Applying Theorem 1.8 and appropriate results on convexity and 

concavity in Ap,w ([22], Theorems 2 and 6) we can prove the equivalence of 

conditions (i)-(iii) by duality. For instance, we shall show the equivalence of (i) 

and (ii). If Fp,w is r-convex then Ap,,v is r'-concave, which in turn is equivalent 
to a(V) > p'/r' by Theorem 6 in [22], where V(x) = (x-PWp(x)) -1/(p-1) is a 

function which appears in the statement of Theorem 1.8. Hence, by properties 

of indices, 

a(V) - 1 1/~(x_PWp(x) ) _ p 1 1.~(Wp ) > p r -  1 
p -  p - 1  p -  p - 1  r 

and so/~(W;) < p/r. 
The equivalence of (ii) and (iv) follows from Proposition 1.11 and the well 

known fact that p(E) > r (resp. q(E) < r) if and only if H r (resp. H~) is 

bounded on E [31]. 
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Finally, we shall show equivalence of conditions (ii) and (v). Let us start with 

conditions corresponding to convexity. By Fubini's theorem, 

fx°°t-P/rWp(t) d-~ = fxC~ ( fxSt-p/r+p-ldt)s-Pw(s)ds 

r ' ( f  ~ 8-P/rw(s)ds - ~ = -p \ Jx x-' /~W'(x)]  

If we assume that  /~(Wp) < p/r, then Wp(x)/x p/~-' is pseudo-decreasing for 

some e > 0. Hence for any x > 0, 

/~ ~_~,~ ~ ~_ ~ ~/X~x~,~_,/~ 
Thus 

t-~-l dt = Cx-P/rWp(x). 

fz °~ t-P/~w(t)dt < ((Cp/cr') + 1)x-P/~Wp(x). 

Assuming now the first inequality in (v), we obtain 

Jx f~  t-P/rw(t)dt = ~p fz °°t-p/rWp(t)d-~ +x-P/rWp(x)<- Cx-P/rW~(x)" 

Hence 

t-P/~Wp(t) <_ ( C-  1) r-2x-P/~W~(x). 
P 

Applying then Theorem 6.4 in [30], ~(Wp) < p/r. 
Now, let a(Wp) > p/r. Then Wp(x)/x p/~+~ is pseudo-increasing for some 

e > 0. Since Wp(x)/x p is also decreasing, it follows, for all x > 0, that  

/0 ~ ~ #x-P/~Wp(x) < t-P/~Wp(t) dt < x-P/~Wp(x), 
p - t - 

which together with the equality 

x r ! x 

yields 

o x t-P/rWp(t)~ <_ ((Cp/er')- 1)x-P/rWp(x). 

On the other hand, assuming the inequality in parentheses in (iv), we obtain, for 

all x > O, 

/o /o ~ z t-P/~w(t) dt = ~P t-'/rWp(t) _ x-P/~W~(x) _< Cx-P/~Wp(x), 
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which yields 

/o t-p/rw (t) < (c + 1)rx-P/rW (x). 
P 

Applying again Theorem 6.4 in [30], c~(Wp) > p/r ,  and the proof is finished. 
| 

In view of Proposition 1.4, the assumptions f l  t_Pw(t)d t = f ~  w = ~ 

imposed in Theorems 3.2-3.4 exclude only a somewhat marginal situation when 

either L ~ or L 1 is contained in Pp,~. 

THEOREM 3.5: Let 0 < p <_ 1. 

I. Fp,w is p-convex, so it satisfies an upper p-estimate. 

II. If Fp,w does not coincide with L 1 + L ~ ,  that is f~ t-Pw(t)dt  = oo or 

f l  w = ~ ,  then Fp,~ does not satisfy an upper r-estimate and so it is not 

r-convex for any r > p. 

Proof'. Observe that  for q = 1/p, the set E of all f E L ° with 

[I / lIE :=  91o f*q(s)ds) w(t)dt < c~ 

is a Banach function space, such that  its p-convexification coincides with Fp,~. 

Hence Fp,w is p-convex. Under the assumptions in II, Fp,~ does not satisfy an 

upper r-estimate for r > p, since it contains an order copy of g~ by Theorem 2.1. 
| 

The next two theorems on lower estimates and concavity of Fp,~ in case when 

0 < p _< 1 have the same formulation as their corresponding parts for 1 < p < 

c~ (cf. Theorems 3.3, 3.4), but their proofs are different, since they cannot be 

handled by duality. 

First we make the following observation. If f l  t_Pw(t)d t = co, then Fp,~ does 

not satisfy a lower 1-estimate and so it cannot be 1-concave. Indeed, since ~ ( x ) / x  

is decreasing and limx-~0+ ~ ( x ) / x  = ( f o t - P w ( t ) d t )  1/p = c~ by Proposition 

1.4(4), the fundamental function p does not satisfy the condition in Lemma 3.1, 

and the conclusion follows. 

THEOREM 3.6: Let 0 < p < 1 and f l  t_Pw(t)d t = oo. 

I. Given 0 < r < c~, if  either w does not satisfy condition RBp or 0 < r < p 

or 0 < r <_ 1, then Fp,w does not satisfy a lower r-estimate. 

II. Consider the following conditions. 

(i) FB,~ satisfies a lower r-estimate. 
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(ii) Wp(x ) / x  p/r is pseudo-increasing. 

(iii) ~ ( x ) / x  1/r is pseudo-increasing. 

I f  w satisfies condition RBp and r >_ p, then (ii) and (iii) are equivalent and 

(i) implies (ii). 

Proo£" Part  I is a consequence of Propositions 1.10, 1.13, Theorem 2.1 and the 

observation made before the theorem. The conditions (ii) and (iii) of part II are 

equivalent in view of the assumption that condition RBp holds. The implication 

from (i) to (ii) easily follows from Lemma 3.1. | 

THEOREM 3.7: Let 0 < p <_ 1 and f~ t -Pw(t)dt  = ~ .  

I. Given 0 < r < oc, if either w does not satisfy condition RBp or 0 < r < p 

or 0 < r <_ 1, then Fp,w is not r-concave. 

II. I f  w satisfies condition RBp and r >_ max(p, 1), then the foI1owing conditions 

are equivalent. 

(i) Fp, w is r-concave. 

(ii) a(Wp) > p/r ,  or equivalently for some e > O, Wp(x ) / x  ;/r+~ is pseudo- 

increasing. 

(iii) a(~)  > 1/r. 

(iv) The Hardy operator Hr is bounded on F;,~. 

(v) There exists C > 0 such that for all x > O, 

fo x t-P/r w(t)dt  Cx-P/rWp(x) .  <_ 

Proof: Part  I is a result of Theorem 3.6(I). In order to prove part II, we first 

observe that  the equivalence of (ii), (iii) and (v) can be shown in the same way 

as the corresponding conditions in Theorem 3.4. Assuming now condition (iv), 

that H~ is bounded on Fp,~, we shall show that Fp,~ is r-concave, which is (i). 

Recall that  ((~---1 )l/r) (~  )l/r 
g~ ]f~t ~ >_ ,... Hr(Ifi[) r , 

- -  i = 1  

and that H~f(x)  >_ f*(2x). Thus for any fi  E Fp,~, i = 1 , . . .  ,n, 

rt n n C (i~= 1 [fi[ r) 1/r Hr (( ~ ]fi] r) l / r )  ~ (/--~1 Hr([fi[)r) 1/r 
n 

= i " :=A .  
i----1 
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But for r > p the weighted LP(w) space is r-concave, so for gi(t) = Hl(f~)(t), in 

view of Minkowski's inequality applied for r > 1, we have 

( n Illr (~,~--1 )lit C (~-1 1 llr L,'(w) I IL I I  r = IIg~ll~,,,(~,) _< Ig~l r 
i =1  " - -  (LOO (~ (Lt / n  ) p  )l/p 

= C f;(s)ds w(t)dt 
I i=1 e +" 

n 

Now, since the dilation operator is bounded on any r.i. quasi-Banach space (of. 

[16], Proposition 2; cf. also the proof of Theorem 4.4 in [25]), we have that 

U(')II __ CII/(2.)N by Proposition 1.11. Thus B < CA, and so r-concavity of 

Fp,~ has been proved. 

In order to finish we need to show that (i) implies (v). We first observe that 

the r-concavity of Fp,w yields the inequality 

( L b IF(t, .)lrdt) llr ~ C(  L b I'F(t, . ) , l~dt)1/r  

for any F(t,.) E Fp,w,0 < a < b < oo and some C > 0. For x,y > 0 and f E L °, 

define 

F~(y) = ( L'c f*r(lY - tl)dt) l/~(o,x)(y ). 

We have 

Hence 

(So' x ),,r Fr(y) = f,r(y _ t)dt + f*r(t - y)dt X(O,x)(Y) 

- -  x lit 

(S0 x )1,. F:*(y)  _ 2 f*r(s)ds  , ~ , , ) ( y ) ,  
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By Sawyer's duality formula ([35], Theorem 1) 

su~ ~o.  (/o~(/o,) ~'<'-~' O<_f$ ( f ?  f l lqh)q ~ g 

which yields 

f o  f*(s)w(s)X(o,x)(s)ds < (21Cr)P/rX_p/~p(X)" 
( f o  f*(s)~/PX(o,~)(s)ds) p/r - 

f t  \-q/(1-q) \ l-q 

(/o ~) .(,)~t) 
applied for g(s) = w(s)X(o,x)(s), h(s) = X(o,~)(s), t < x and q = p/r < 1, it 

follows that 

( L x  t-ql(1-q)w (t)ql(1-q)w(t)dt) l-q <_cx-p/r ( LZ w(t)dt +xP L ~  t-Pw(t)dt) . 

(Lx ),,r 
[[Frl[ _< 2 f*r(s)ds ~a(x). 

Thus, r-concavity of Fp,~o implies 

X 1/r 

,~ , :  (/o~,.~,,~,,~,~,o~,~,; ~(fo~, , .~. , , ,~o~, ,~0 ~ 
Now consider the function 

gt,x(Y) = f*(lY - tl)~((o,~)(y), 0 < t < x. 

If x _ 2t, then g~,x(s) = f*(s/2)X(o,zx_2t)(s ) + f*(s - x + t)x[2z-2t,z)(s), and so 

L 
oo *P 

Ilgt,~ll v > gt,~(s)w(s)ds 

f 2x-2t L x  
= f*P(s/2)w(s)ds + f*P(s - x + t)w(s)ds 

JO x-2t 

> f*P(s)w(s)ds + f*P(s)w(s)ds -- f*P(s)w(s)ds. 
JO x--2t 

If x > 2t, then g;,x(s) = f*(s/2)X(o,2t)(s) + f*(s - t)~[2t,~)(s) and 

/o ~ L~ /o • Ilgt,~ll ~ > f*P(s/2)w(s)ds + f*P(s - t)w(s)ds > f*P(s)w(s)ds. 
t 

Thus 

x ",~ 1/r x 1/v 
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Now by the assumption of condition RBp on w, 

( /oX t-q/(1-q)w (t)q/(1-q)w(t)dt) 1-q 

Finally, applying Lemma 1 from [22], we obtain 

and (v) holds. | 

< Dx-P/rWp(z). 

fo x t-p/r w(t)dt < Ax-P/~Wp(x) 

COROLLARY 3.8: Let 1 _< p < c~ and w be a weight function satisfying 
t - p w ( t ) d t  = w = T h e n  

(1) Fp,w has finite cotype if and only if its &ndamenta /&act ion  ~ is regular, 

that is a(~) > O. 
(2) F p, w has non-trivial type if and only if l < p < c¢ and O < a ( ~ ) <_/~(~) < 1. 

Proof: (1) It is well known that  if Fp,w has finite cotype then it cannot uniformly 

contain copies of ~ ,  and so by Proposition 1.13, c~(~) > 0. Conversely, if we 

assume that  a(~)  > 0 and p > 1, then by Proposition 1.10 there exists a weight 

function Wo such that  it satisfies condition RBp and Fp,w = Fp,wo, that  is F is 

equivalent to ~r,,.,,, ° . Hence a(~r~,.,,, ° ) = a(~)  > 0 and thus there exists r > p 

such that  a(~2rv.,,,o) > 1/r. Now Theorem 3.4 gives that  Fp,wo has non-trivial 

cotype and so Fp,w. If p = 1 then we proceed analogously applying Proposition 

1.10 and Theorem 3.7. 

(2) If 0 < a(~) < /~(~) < 1 and p > 1, then there exists r > 1 such that  

/~(~prp,,~o) = ~(~) < 1/r. Now applying Theorem 3.4, we obtain that  Fp,wo, and 

hence Fp,w has non-trivial type. Conversely, if Fp,w has non-trivial type then its 

cotype must be finite, and so a(~)  > 0 by (1). By Theorem 3.5, p must satisfy 

p > 1. This implies that  Fp,w o = Fp,w is r-convex for some r > 1, and thus by 

Theorem 3.4,/~(~) =/~@r,,.,,, o) < 1/r < 1. | 

The next theorem, a characterization of type and cotype of Fp,w, in view 

of the well known relations to convexity and concavity in Banach lattices (cf. 

Theorems 1.f.16, 1.f.17, and the diagrams on page 100 in [28]), is now a corollary 

of Propositions 1.10, 1.13 and the previous results in section 3. 

THEOREM 3.9: Let 1 <_ p < c~ and f~ t-Pw(t)dt = f ~  w = c~. 
I. Fp,~ has cotype 2 < r < oc (resp. type 1 < r < 2) if and only if r >_ p and 

~(x)/x 1/r is pseudo-increasing (resp. 1 < r <_ p, c~(~) > 0 and ~(x)/x 1/~ is 
pseudo-decreasing). 
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II. (a) Let p ~ 2. Then Fp,w has cotype 2 (resp. type 2) if and only i f l  < p < 2 

and a(~)  > 1/2 (resp. 2 < p < oo and 0 < c~(~) < ~(~) < ] /2) .  

(b) If  p = 2, then Fp,w = F~,w has cotype 2 (resp. type 2) if and only 

if ~(x) / v ~  is pseudo-increasing (resp. ~(X) / v ~  is pseudo-decreasing and 
> o). 
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